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A B S T R A C T
Polariton, the quasiparticle emerging from the strong coupling be-
tween light and matter in semiconductor microcavities has shown to
be a good candidate for applications in quantum information pro-
cessing devices, and in the last years has become the cornerstone of
the solid state realization of quantum computation. The necessary
condition that endows these protocols with remarkable advantages
over their classical counterparts is the so called entanglement or non
separability of states, an exclusive property of quantum mechanical
systems.
The present thesis is a compilation of three theoretical works about
the quantum properties of semiconductor microcavity-quantum dot
systems. In each case a model of a two level system interacting with
a single electromagnetic mode of the microcavity via dipolar interac-
tion is used.
First of all, we study the case of a single quantum dot embedded
in an optical microcavity by using a dissipative Jaynes-Cummings
model. Two non coherent processes are considered: photon leakage
through the cavity walls and exciton pumping. The steady state of the
system is calculated in a master equation formalism, then mixedness
and entanglement are quantified through linear entropy and nega-
tivity, respectively. In particular we find the set of parameters that
maximizes light-matter entanglement and purity in the system. Then,
an extension to the multiple non interacting quantum dots case is
made.
In the second work, we analyze the possibility of change the inco-
herent exciton pumping for a non dissipative matter pumping mech-
anism in order to study if it favors the non separability of the subsys-
tems. Again, we find the set of parameters that maximize light-matter
entanglement and purity of the system in its steady state. A compari-
son with a maximally entangled (Bell) state is performed with aid of
the fidelity criteria.
Finally, an extension to the case of interacting quantum dots is
made by using a Tavis-Cummings model with a dot-dot interaction
term. As a first approach to the complete problem, the entanglement
of the eigenstates of the hamiltonian is quantified through the concur-
rence criteria.
v
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Part I
I N T R O D U C T I O N
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1
I N T R O D U C T I O N
When an optical emitter is placed inside a cavity, the lifetimes of
its optical modes are drastically affected, a phenomenon known as
the Purcell effect [1]. This effect, combined with a constant energy
exchange between the electromagnetic mode of the cavity and the
emitter, can drive the system into a regime referred to as “Strong cou-
pling”, a situation in which an emitted photon has a greater probabil-
ity of being reabsorbed than of scape out of the cavity[2]. The physics
of systems in strong coupling is correctly described by the theoretical
model developed by Jaynes and Cummings[3, 4]. This regime is of
great interest, thanks to the new quantum states that take place on
it. After being achieved in atomic and superconducting systems[5, 6],
the technology of semiconductor nanostructures reached the capa-
bility of sustain strong coupling[7, 8], bridging the era of quantum
information processing to solid state devices[9, 10, 11].
1.1 the jaynes-cummings model for microcavity-quantum
dot systems
Since the discovery of strong coupling in quantum dot-microcavity
systems[2, 7], a very promising research area emerged. The full quan-
tization of the energy states of an electron provided by its 3D con-
finement inside a quantum dot (also known as artificial atom) make
these systems very interesting from a theoretical point of view (given
that they allow to study quantum mechanics in a very fundamental
level) as well as from a technological one (due to their micrometric
size these systems have a great implementability)[12, 13].
In general, a microcavity is a semiconductor heterostructure able
to confine light by Bragg reflection and total internal reflection [14].
Solid state growth methods like chemical vapor deposition and molec-
ular beam epitaxy[15, 16] allow to confine light in volumes of the or-
der of 1 µm3 [14]. On the other hand, if the cavity has a quantum
dot embedded inside, the multiple absorptions and emissions drive
the system into the strong coupling regime.
The question of whether the strong coupling regime of a microcavity-
quantum dot system is classical or quantum, remained open until
2007, when it was experimentally shown that this phenomenon has a
quantum nature[17, 18]. While some features of the strong coupling
regime can be correctly described by using a semiclassical theory[19],
the antibunching measured in a Hanbury-Brown and Twiss config-
uration [20] is an unambiguous proof of the quantum nature of the
strong coupling in the sense that only one emitter is interacting with
the resonator mode[21]. We will make a more detailed study of this
3
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4 introduction
Figure 1: (Color online) Left: Schematic picture of the Jaynes-Cummings
model. A two-level system interacting with a mode of the elec-
tromagnetic field. Right: Picture of a photonic micropillar. TEM
(Transmission Electron Micrograph) and STM (Scanning Tunnel-
ing Micrograph) pictures allow to see the quantum dot growth
inside the microcavity. This is the condensed matter realization of
the Jaynes-Cummings model. Right picture taken by the Low Di-
mensional Structures and Devices Group at The University of Sheffield.
in section 1.3.
The most simple full quantum model that describes a cavity with
a confined electromagnetic mode interacting with a single quantum
dot, is the Jaynes-Cummings model[3, 4, 22]. It considers a single
mode of the electromagnetic field (|n〉) interacting with a two level
system (|G〉 and |X〉). The employed Hamiltonian is given by (in units
 h = 1):
Ĥ = ωCâ
†â+ωoσ̂
†σ̂+ g(âσ̂† + â†σ̂) (1)
Where ωC is the energy of the electromagnetic field, â (â†) is the
common annihilation (creation) operator, ωo is the transition energy
of the two level system, the operator σ̂ = (σ̂†)† is given by |G〉 〈X|
and g is the light-matter interaction energy (also known as Rabi fre-
quency) [3, 4]. Figure 1 depicts a system of a cavity with an atom
(or an artificial atom) inside together with the picture of an actual
micropillar taken by the Low Dimensional Structures and Devices
Group of The University of Sheffield, one of the referent groups in
this kind of systems. Micropillars are unidimensional photonic crys-
tals able to confine light by Bragg reflection inside a defect that be-
comes a cavity [23]. When a quantum dot is embedded in the cavity,
and if its transition energy is near to the energy of the cavity mode,
light-matter interaction takes place [24].
1.2 anticrossing and entanglement
One feature of the systems in which the Jaynes-Cummings model
is valid, is the so called Anticrossing, a rupture of the degeneration of
the system’s energy in the case of resonance between light and matter.
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Theoretically, it corresponds to the eigenvalues of the energy operator









∆2 + 4g2(n+ 1) (2)
Where ∆ = ωC −ωo is the energy detuning between the quantum
dot and the cavity, and n is the excitation manifold, a preserved quan-
tity, given that the operator N̂ = â†â+ σ̂†σ̂ commutes with the energy
operator Ĥ.
Experimentally, the anticrossing is measured through the emission
peaks of the system, by recording the energy in which the emission
is maximum. The upper left panel of figure 2 shows the theoret-
ical eigenvalues of the Jaynes-Cummings Hamiltonian in arbitrary
units[22] together with the bare energies, i.e. the energy of the elec-
tromagnetic field (ωC) and the energy of transition in the quantum
dot (ωo), which are the eigenenergies of the system in the absence
of interaction (g = 0). In the upper right panel of the same figure,
it is shown the original picture from the first experimental proof of
strong coupling in microcavity-quantum dots systems, reported in
[7]. It shows the emission spectra for different temperatures, i.e. for
different detunings, given that the emission energy of a quantum dot
depends on its temperature. Each peak on the emission spectra is
associated with an eigenenergy of the system, so the fact that there
are two peaks for any ∆ means that the energy degeneracy has been
removed, and the system has been pushed into the strong coupling
regime. The lower panels record the position of the emission peaks
for each temperature (detuning), that is the experimental realization
of the upper left picture. Panel a shows a behavior as the one de-
scribed by the blue lines (the behavior of the system when interaction
takes place), while panel b shows the behavior of the system in the
absence of light-matter interaction, which is the one described by the
black lines.
Notice that in weak coupling (g = 0), the eigenvalues are degener-
ated when the energy of the electromagnetic mode is the same as the
transition energy of the quantum dot, however, in strong coupling,
the system has not the energy of the cavity and neither the energy
of the quantum dot: two new states, known as dressed states or po-
laritons take place [2]. In the absence of dissipation these polaritonic
states can be written in general as:
|n,+〉 = sinθ |G,n〉+ cosθ |X,n− 1〉
|n,−〉 = cosθ |G,n〉− sinθ |X,n− 1〉 (3)






One of the most remarkable features of this model is the matter
light entanglement of its eigenstates. Notice that for any g 6= 0 and
∆ < ∞ they are not separable; this light matter entanglement make
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Figure 2: (Color online) Upper left panel: theoretical eigenenergies of the
Jaynes-Cummings Hamiltonian. The black line is for a system in
the hamiltonian weak coupling regime, while the blue one is for a
system in strong coupling. Upper right panel: emission intensity of
a microcavity (C)-quantum dot (X) system. The matter transition
energy is modified by increasing sample’s temperature. The emis-
sion spectra presents always two peaks, this means that there is
never a degeneration in the energies i.e. system’s emission presents
anticrossing. Lower panel: Position of the emission peaks for each
temperature for systems in strong (a) and weak coupling (b). No-
tice that the lower panel is very similar to the theoretical calcu-
lations. Upper right and lower pictures are taken from: Nature,
432, Nov. 2004 [7]. In fact, this is the first experimental proof of
strong coupling between light and matter in microcavity-quantum
dot systems. These graphics are comparable with the upper left
because, despite dissipation, the system preserves most of the fea-
tures of its hamiltonian behavior.
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polaritons one of the cornerstones of the solid state realization of
quantum information processing[11, 21].
One important concern is about the degree of non separability of a
state, in the sense of how near is the state of being factorable. For ex-




0.01 |X,n− 1〉 is more similar




0.5 |X,n− 1〉. There
are multiple ways to quantify the degree of entanglement of a sys-
tem, and this is still an active research field, however, in this thesis
we use two quantities: “Negativity” or “Peres criteria”, defined as the
sum of the negative eigenvalues of the partial transpose of the density
operator ρ̂ [25, 26] and “Concurrence”, a quantity given by:
C(ρ̂) = max(0, λ1 − λ2 − λ3 − λ4) (4)




ρ̂ [(σ̂y ⊗ σ̂y) ρ̂∗ (σ̂y ⊗ σ̂y)]
√
ρ̂ (5)
Where σ̂y is the y Pauli matrix and ρ̂∗ is the density operator with its
components conjugated[26, 27].
If we study the dependence of the non separability with the de-
tuning ∆ for the eigenstates of the Jaynes-Cummings hamiltonian by
using the negativity, we will obtain figure 3. It can be seen that for
resonance the system is maximally entangled, it means that the state
will have the form
|ψ〉 = 1√
2
(|G,n〉 ± |X,n− 1〉)
Which is precisely a Bell state, the most entangled state achievable in
a qubit-qubit system. This is a very desirable effect, with many tech-
nological applications such us quantum cryptography, quantum tele-
portation, logic gates for quantum computation, etc [28]. As the en-
ergy difference between the emitter and the light increases, the state
becomes more separable, and when ∆ is too large, the system loses
its entanglement due to the absence of interaction.
1.3 correlation
In the 1960s, Glauber constructed a quantum coherence theory paral-
lel to the classical one[22]. He used the so called “correlation function
of order M”, a function related with the M first statistical moments
of the field’s photon number distribution; a knowledge of the exact
photon number distribution implies the knowledge of the infinite cor-
relation functions and viceversa [29]. This function relates the electro-
magnetic field in M space-time coordinates (~r1, t1,~r2, t2, ....,~rM, tM).
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Figure 3: (Color online) Negativity of the eigenstates of Jaynes Cummings
Hamiltonian as a function of the energy difference between light
and matter (detuning). For ∆ = 0 the state is maximally entangled,
and as ∆ increases the system becomes more separable due to the
absence of interaction.
Figure 4: Hanbury-Brown and Twiss experimental setup to measure g(2)(τ).
An incident beam is splitted and each arm is sent to detectors. One
of the arms is delayed and then sent to a coincidence counter.
A widely used quantity is the second order correlation function,
which is related with the probability that an active media has of emit-
ting two photons one after the other with a time delay τ between
them. For a single mode of the electromagnetic field, its normalized





Experimentally, g(2) can be measured through a Hanbury-Brown
and Twiss setup[20]. A schematic picture of this experiment is shown
in figure 4. It is composed by a half-half beam splitter that divides
the incident light in two arms. On each arm a photodetector is placed.
One of the photodetectors is able to introduce a time delay in the de-
tection, and at the end, the signal is recorded in a coincidence counter.
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Figure 5: (Color online) Pictures from the experimental proof of the quan-
tum nature of strong coupling in mirocavity-quantum dot systems.
The second order correlation function g(2)(τ) has a reduction at
zero delay, which means that photons are being emitted by one at
a time and the resonator mode is interacting with a single quan-
tum dot. The picture in the left panel is taken from [18] and the
one in the right panel is taken from [17].




This quantity is of interest given that it is possible to link it with
statistical properties of the field such us variance (∆n2 = 〈(n− 〈n〉)2〉)




For some specific states its values are well known. For a Fock state
of n photons (|n〉) g(2) is always less than 1, for a coherent state (|α〉)
its value is always one, and for a thermal state g(2) = 2 [30]. This
was used by Imamoglu et. al. and Yamamoto et. al. to experimen-
tally probe in the same year (2007) the quantum nature of strong
coupling in microcavity-quantum dot systems[17, 18]. For a quantum
state |n〉, g(2)(0) < 1, and in particular, for the state |1〉, g(2)(0) = 0,
this means that only one single photon is being emitted at the same
time, hence no coincidences at zero delay will be recorded. Their re-
sults are shown in figure 5, and this is an unambiguous proof of the
quantum nature of the strong coupling in semiconductor microcavi-
ties with quantum dots embedded, in the sense that only one emitter
is interacting with the cavity mode.
The greater correlation functions (g(n)) give more information about
the statistics of the field and its degree of coherence. One says that a
field is nth order coherent if the first n correlation functions are 1. A
fully coherent state satisfies the condition |g(n)| = 1 for all n.
In the case of a single mode of the field the normalized coherence
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A more detailed description of this topic can be found in chapter
19 of reference [31].
1.4 open systems and master equation
When a system is immersed into a reservoir, the total dynamics can,
in principle, still be described by coherent dynamics. However this is
impractical and unnecessary given that the interest usually lies on the
system instead of its reservoir. It is possible then to ignore the degrees
of freedom of the reservoir by keeping only its effects on the system
of interest [30]. The price we have to pay is the lost of coherence in
the system: the state will not be described anymore by a vector but
by an operator: the density operator [32]. The dynamics will not be
described anymore by the Schrödinger equation (or Liouville Von-
Neumann’s), but by a new formalism known as "Master equation"
[30].
The formalism can be used to describe systems under the effects
of loss of coherence due to different mechanisms: photon leakage
through cavity walls, spontaneous emission, external pumping, de-
phasing, etc. The density operator’s dynamics is given now by:
dρ̂
dt




Where ρ̂ is the density operator, Ĥ is the hamiltonian and L̂ are the
Liouvillian operators, which take the information about the incoher-
ent processes. Each dissipative process has a Liouvillian operator (or
Linbland term) associated. The derivation of these terms can be done,
principally by two methods[30]: the first one considers dissipation as
a coupling to a bath of oscillators, and tracing out the degrees of free-
dom of the reservoir, only the information of the system is kept. This
approach is described in references [33] and [34]. The second path for
the derivation of the master equation and Linbland terms is based
on Monte Carlo methods and quantum jumps. In references [22] and
[35] this is the preferred approach.
Quantum dot-microcavity systems usually work at cryostat tem-
peratures, where the most relevant dissipative channel is the photon
leakage through the cavity walls. To compensate this mechanism, it is
necessary to perform an incoherent exciton pumping in order to keep
the dynamics and reach non trivial steady states. Therefore, these two
processes dominate the incoherent behavior in these kind of systems.
Mathematically, photon scape and exciton pumping are given respec-








(2σ̂†ρ̂σ̂− σ̂σ̂†ρ̂− ρ̂σ̂σ̂†) (10)
To understand better the effect of these mechanisms on the system,
we can study the ladder of states, a scheme in which the transitions
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Figure 6: (Color online)Ladder of states for the Jaynes-Cummings model un-
der two incoherent mechanisms: Photon leakage through the cav-
ity walls (left) and incoherent exciton pumping (right). The blue
arrows show the transitions generated by the hamiltonian interac-
tion while the green and orange arrows show the transitions gen-
erated by the photon escape and exciton pumping, respectively.
generated by pumping and dissipation are depicted. This is shown
in figure 6. It shows how the dissipation affects the bare states of the
system. One important feature is that dissipation, unlike hamiltonian
dynamics[22], is able to generate transitions between states of differ-
ent excitation manifolds in the Jaynes-Cummings model, so for an
open system this is not a preserved quantity anymore.
1.5 two quantum dots-microcavity system
When the density of quantum dots inside a microcavity is high enough,
they are able to interact via two mechanisms: the transfer of an elec-
tron between quantum dots by tunneling[36], and the transfer of the
excitation via an intermediate virtual photon, a mechanism known
as Förster interaction[37, 38]. On each case the description of the sys-
tem can be done by means of the same hamiltonian[39, 40] (in units





















WhereωC is the energy of the cavity mode,ωXi the transition energy
of the exciton, gi is the dipole interaction strength for each quantum
dot, Te is the strength of interaction between the quantum dots, â is
the annihilation operator for the electromagnetic field and σ̂i is the
fermionic annihilation operator for the i-th quantum dot. Given that
the parameters employed in the description of the problem are typical
from the former mechanism, we are focusing on it in the rest of the
section. We show the approach used in references [36, 39, 41] and [42]
When an exciton is created inside a quantum dot it remains in the
conducting band of the structure, however, if another potential well
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Figure 7: (Color online) a): setup scheme. The cavity mode drives strongly
the left quantum dot. V is the bias voltage that controls the tun-
neling barrier height. b) and c): Schematic of the band structure
without and with an applied voltage, respectively. In panel c) the
conduction band levels get into resonance, increasing their cou-
pling, while the valence bands become more off-resonance, which
decouples those levels. d): Energy levels of the double quantum
dot system. Figure taken from reference [39]
(quantum dot) is placed near, the probability of tunneling to the sec-
ond quantum dot does not vanish. The electron can cross the potential
barrier and get the second quantum dot while still being bounded
to the hole in the first quantum dot, giving rise to an “indirect ex-
citon” state. Experimentally, the tunneling barrier can be controlled
by placing a gate electrode between the quantum dots. Under these
conditions the system can be simplified to a three-level system: the
ground state (no excitation in the system) |0〉, the exciton state |1〉,
corresponding to an exciton inside one of the quantum dots, and the
indirect exciton state |2〉, with the electron in one dot and the hole in
another. A full scheme of the system is depicted in figure 7.
This configuration brings control on the coupling strength between
the quantum dots, given that a gate voltage tune the energy of the
conduction band in the quantum dot, the greater the detuning be-
tween the bands, the smaller the coupling between the quantum dots.
In general, the quantum dots are asymmetric, so in the absence of a
gate voltage the conduction bands are out of resonance, and hence,
the electron tunneling between the quantum dots is very weak. This
voltage enhances significantly the tunneling probability and addition-
ally increases the energy difference between the valence bands, thus
the hole tunneling can be neglected in the model.
At this point, we have discussed all the necessary elements to ad-
dress the three problems of interest. The results are showed in chap-
ters 2, 3 and 4. Then, in chapter 5 we make an overview and give
some conclusions. Finally, in chapters 6 and 7 we present two appen-
dices, making a deeper discussion about the obtainment of some of
the results displayed in the former chapters.
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R E S U LT S
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2
E N TA N G L E M E N T P R O P E RT I E S O F Q U A N T U M
P O L A R I T O N S
Polariton, the quasiparticle emerging from the strong coupling be-
tween light and matter in microcavity-quantum dot systems is one of
the cornerstones of the condensed matter realization of quantum in-
formation processing[11, 21]. However, its nature differs substantially
from the paradigm of trapped atoms in optical cavities[43] and dissi-
pation is of a fundamental character as much as hamiltonian dynam-
ics itself, so the effect of incoherent processes on the entanglement,
correlation and purity of polaritons, arises as a natural question[44,
45]. The aim of this work is to study these properties in a master
equation formalism[33] by considering two dissipative effects: pho-
ton escape through the cavity walls and incoherent exciton pumping,
the two most relevant effects at cryostat temperatures. In particular,
entanglement is measured by using the negativity criteria, light cor-
relations are studied by computing the second and third order cor-
relation functions at zero time delay, and purity is quantified by the
linear entropy of the density operator.
2.1 theoretical framework
The model considers a two level atom interacting with a single elec-
tromagnetic mode with strength g, photons are able to escape at a
rate κ due to imperfections on the cavity and an incoherent exciton
pumping is performed at a rate P. Figure 8 shows an schematic pic-
ture of the system.
The quantum dot has two accessible levels |G〉 and |X〉 and the
electromagnetic field (|n〉) has an energy ωC. Photons escape at a rate
κ and excitons are pumped at a rate P. There is a detuning ∆ between
the energies of the field and the quantum dot. The Hamiltonian of
the system is given by (in units  h = 1):
Ĥ = ωCâ
†â+ (ωC −∆)σ̂
†σ̂+ g(âσ̂† + â†σ̂) (12)
Where dipole and rotating wave approximations have been done,
â = (â†)† is the annihilation operator for the cavity mode and σ̂ =
(σ̂†)† = |G〉 〈X| is the fermionic annihilation operator for the quantum
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16 entanglement properties of quantum polaritons
Figure 8: (Color online) Schematic picture of a two level atom interacting
with a mode of the electromagnetic field inside a microcavity.
Three important parameters are depicted: (g) light-matter inter-
action strength, (P) incoherent exciton pumping and (κ = ω/Q)
photon leakage rate due to imperfections on the cavity. ω is the
field frequency and ∆ is its energy detuning with the quantum
dot.
Our approach focuses on the steady state of the system ρ̂ss. The
basic assumption is that polariton lifetime is much longer than the
time required to reach the asymptotic solution[46, 47]. In general, the
steady state is a function of the dissipation rates κ and P, the matter
light coupling constant g and the detuning ∆. Unless stated other-
wise, the solution is obtained by setting ωC = 1 eV, g = 0.1 meV and
κ = 5× 10−3 meV. ∆ and P are varied in ranges similar to those of
current experiments. A more detailed explanation about the obtain-
ment of the density operator ρ̂ss is given in the appendix A (chapter
6).
2.2 light-matter entanglement and purity
Linear entropy and negativity are computed to quantify purity and
entanglement, respectively. The former, defined as SL(ρ̂) = 1− Tr(ρ̂2),
vanishes for pure states and is maximum for maximally mixed states.
The latter is defined as N(ρ̂) = 2
∑
λ<0 |λ|, where λ denotes the eigen-
values of the partial transpose of ρ̂.
Negativity and linear entropy are depicted in Fig. 9 for different
detuning conditions (∆ = 0, ∆ = g, ∆ = 2g, ∆ = 3g, ∆ = 7g and
∆ = 10g) and as a function of the pumping power P. As expected
from a physical point of view, the maximum of the negativity occurs
at P = κ, when gain and losses exactly compensate. At this point the
system presents a maximum of entanglement that coincides with a
local minimum in the degree of mixedness. The dependence on the
detuning shows instead a non-monotonic behavior, with a maximum
value of N ≈ 0.32 for ∆ ≈ 3g, corresponding to the minimum of
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Figure 9: (Color online) N(ρ̂ss) (continuous red line) and SL(ρ̂ss) (dashed
black line) as a function of the incoherent exciton pumping P, for
κ = 5× 10−3 meV and (a) ∆ = 0, (b) ∆ = g, (c) ∆ = 2g, (d) ∆ = 3g,
(e) ∆ = 7g and (f) ∆ = 10g. Note that for ∆ 6= 0 the maximum of
N(ρ̂ss) always corresponds to a local minimum of SL(ρ̂ss) when
κ = P.
the linear entropy, SL ≈ 0.29. Fixing the condition of P = κ, we plot
in Fig. 10 the behavior of the linear entropy and the negativity as a
function of the detuning. As mentioned before, the excitation num-
ber (N̂ = â†â+ σ̂†σ̂) symmetry associated with the hamiltonian 12,
is broken in the time evolution because of the incoherent processes,
therefore, we can not label the steady state with a single eigenvalue
of N̂.
From figure 10 it is possible to identify three different regimes: if
the subsystems are in resonance (or near this condition), the inter-
action, combined with dissipation, produce a very mixed state SL ≈
0.75, therefore no entanglement is achievable in this conditions[48]. N
then vanishes in the interval −g . ∆ . g. On the other hand, for large
detunings matter and light do not couple, so the interaction strength
is not enough to generate entanglement. The quantum dot is satu-
rated due to the absence of interaction and exciton pumping, driving
the system into the non entangled, pure state |X0〉. The entropy takes
low values in this regime but the negativity decreases as well. The
best condition is then the one in which the entropy is low enough to
do not destroy the quantum properties of the system, and the interac-
tion is high enough to generate non-separable states. This is the case
for ∆ ≈ 3g. At this point there is a maximum in the negativity that co-
incides with a local minimum in linear entropy. Although the density
matrix is not pure, the system has a probability of 84% of being in
the non-separable state 0.29 |G1〉− 0.96 |X0〉. A diagonalization of the
density matrix shows the steady state for each detuning, as reported
in Table 1. Details on this diagonalization are given in appendix A
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Figure 10: (Color online) Linear entropy (dashed black line) and negativity
(continuous red line) of the steady state of the system ρ̂ss, and
negativity of polaritons of the excitation manifold Λ1 (dashed-
dotted blue line) as a function of ∆ for P = κ = 5× 10−3 meV.
(chapter 6). For ∆ = 0 the state is a non-coherent superposition of
entangled and separable states. At ∆ = 20g the system has a high
degree of purity (a probability of 99.5%) but is separable, due to sat-
uration. In the mid region (∆ = 3g) the competition of these effects
generate an entangled state with probability 83.7%.
Fig. 11 compares the steady state of the system with pure polari-
tonic states defined as the eigenstates of Ĥ given by equation 3, using
the sequence of non-zero fidelities Fn± =
√
〈n± |ρ̂SS|n±〉[49]. For
small values of P (Fig.11a) ρG0G0, the population of the state with-
out polaritons, is much larger than the other populations. In this case,
only F1 does not vanish –it is relatively small, though–. For P = κ
(Fig.11b), F1 increases up to more than 0.91, while the remaining fi-
delities are still small. This indicates a concentration of the popula-
tion in the first manifold, and a state similar to a pure polariton. As P
increases, Fn± is non-zero for larger excitation numbers, but their val-
ues are very small. Changing the detuning, the fidelity of the steady
state is always higher for the eigenstate with higher excitonic compo-
nent; for negative detuning, higher fidelities are found for the upper
polariton state.
So far we have only considered interaction between a single quan-
tum dot and a cavity mode, but the model is valid for a system with
many quantum dots in the case in which the quantum dots density
is low enough to avoid direct interaction between excitons. Figure 12
shows linear entropy and negativity for the multiple quantum dots
case as a function of the detuning between the exciton energy and
the cavity mode when each quantum dot is being pumped at a rate
P = κ. At this point, we focused exclusively in the set of parameters
for which N is maximum for each number of QDs. As it can be seen,
the detuning for maximum entanglement varies for each number of
QDs, but the dependence of the negativity with the detuning does not
change qualitatively. Low detunings are still not suitable to generate
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Nex ∆/g Eigenvalue Eigenvector
1 0 0.270 −0.704i |G1〉+ 0.711 |X0〉
0.262 |G0〉
0.253 0.711 |G1〉− 0.704i |X0〉
3 0.837 −0.290 |G1〉+ 0.957 |X0〉
0.080 |G0〉
20 0.995 0.998 |X0〉− 0.050 |G1〉
0.002 |G0〉
Table 1: Table of eigenvalues and eigenstates of the density matrix in the
steady state for κ = P and for different detunings. Three cases are
considered: resonance, ∆ ∼ g and ∆ g.
Figure 11: (Color online) Sequence of non-zero fidelities Fn± between the
steady state ρ̂ss and the Λn–lower(black)/upper(green) polari-
tons |n,±〉 for κ = 5× 10−3 meV, ∆ = 3g and (a) P = 0.04κ, (b)
P = κ, (c)P = 20κ and (d) P = 100κ. |Λn| denotes the excitation
number of the polariton manifold Λn.
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Figure 12: (Color online) Left: Negativity (red) and linear entropy (black) as
a function of ∆ for systems with different number of quantum
dots (Exc). For all the cases, each QD interacts with the cavity
mode with the same strength. Right: detuning for maximum en-
tanglement as a function of the number of quantum dots.
non separable states because they maximize the degree of mixedness,
and for large detunings, due to the absence of interaction, quantum
dots saturate and hence the system is driven into a separable state.
The competition between these two effects remains for systems with
many non interacting QDs. While a direct comparison is not possible
given that negativity has different maximum values for systems with
Hilbert spaces of different size, the detuning for maximum entangle-
ment in each specific number of QDs has been rigorously found. To
verify that the general behavior does not change with the number of
quantum dots, a diagonalization of the density operator is computed
for the cases of 2 and 3 quantum dots. Results are displayed in table
2.
It shows that the case of many quantum dots does not differ qual-
itatively from the single quantum dot case, except for a shift of the
detuning for which negativity is maximum in each case. Again, at
resonance the state is an incoherent superposition of entangled and
separable states, at large detunings the quantum dots saturate so the
state is pure but separable and in the intermediate region the com-
petition between mixedness and interaction drives the system into a
non separable state.
2.3 quantum dot-quantum dot entanglement
A problem that naturally arises is whether or not the electromagnetic
field is able to generate entanglement between two quantum dots.
This is the most simple system able to present non local entanglement,
a necessary condition for any quantum information protocol. To do
so, a partial trace over the degree of freedom of the light is performed,





〈n| ρ̂ss |n〉 (14)
Where |n〉 are the Fock states for the electromagnetic field and ρ̂ss is
the full density operator of the steady state. We perform this opera-
[ March 14, 2016 at 11:23 – classicthesis ]
2.3 quantum dot-quantum dot entanglement 21
Nex ∆/g Eigenvalue Eigenvector
2 0 0.175 −0.039i(|XG1〉+ |GX1〉) − 0.576 |GG2〉+ 0.816 |XX0〉
0.130 0.707(|XG0〉− |GX0〉)
0.090 0.707(|XG1〉− |GX1〉)
3 0.663 −0.295(|XG1〉+ |GX1〉) + 0.125 |GG2〉+ 0.900 |XX0〉
0.125 0.657(|XG0〉+ |GX0〉) − 0.369 |GG1〉
0.108 −0.356(|XG2〉+ |GX2〉) + 0.172 |GG3〉+ 0.846 |XX1〉
20 0.990 −0.050(|XG1〉+ |GX1〉) + 0.004 |GG2〉+ 0.998 |XX0〉
0.005 0.705(|XG0〉+ |GX0〉)
3 0 0.068 −0.134(|XGG2〉+ |GXG2〉+ |GGX2〉)
−0.276i(|XXG1〉 |XGX1〉+ |GXX1〉) + 0.514i |GGG3〉
0.061 −0.110(|XGG2〉+ |GXG2〉+ |GGX2〉)
+0.266i(|XXG1〉+ |XGX1〉+ |GXX1〉) − 0.542i |GGG3〉
0.053 0.011i(|XGG1〉+ |GXG1〉+ |GGX1〉)
−0.447(|XXG0〉+ |XGX0〉+ |GXX0〉) + 0.633 |GGG2〉
4 0.664 0.083(|XGG2〉+ |GXG2〉+ |GGX2〉) − 0.034 |GGG3〉
−0.237(|XXG1〉+ |XGX1〉+ |GXX1〉) + 0.900 |XXX0〉
0.119 −0.243(|XGG1〉+ |GXG1〉+ |GGX1〉)
+0.519(|XXGO〉+ |XGX0〉+ |GXX0〉) + 0.116 |GGG2〉
0.112 0.117(|XGG3〉+ |GXG3〉+ |GGX3〉) − 0.052 |GGG4〉
−0.291(|XXG2〉+ |XGX2〉+ |GXX2〉) + 0.838 |XXX1〉
20 0.985 0.996 |XXX0〉− 0.050(|XXG1〉+ |XGX1〉+ |GXX1〉)
Table 2: Eigenvalues and eigenstates of the asymptotic density operator of
the system for the cases of 2 and 3 quantum dots embedded in an
optical microcavity. The quantum dots are in resonance between
them and have a detuning ∆ with the electromagnetic field. Again
three cases are considered, resonance, detuning of the order of the
interaction strength and large detuning.
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Figure 13: (Color online) Negativity of the reduced system of QDs in the
steady state as a function of the incoherent pumping rate, for dif-
ferent values of the matter-light detuning. Contrary to the case of
QD-light entanglement, resonance is the most suitable condition
to find a non vanishing entanglement. In any case, the incoherent
pumping has to be lower than the photon leakage rate.
tion for the case in which there are two quantum dots interacting with
the cavity mode. Figure 13 shows the QD-QD entanglement quanti-
fied through negativity as a function of the pumping rate for different
values of the light-matter detuning. In this case the condition κ = P
is not the most suitable anymore, in fact, there is a critical value of P
for which the entanglement fully vanishes; this value is lower than the
photon leakage rate. On the other hand, the figure also shows that the
resonance condition enhances the QD-QD entanglement. Negativity
is totally symmetric with respect to the sign of detuning, so, although
figure 13 shows the results for positive detuning, they remain exactly
the same for negative values.
2.4 correlation properties of light
As mentioned in section 1.3, the correlation of the light emitted by the
system has important information about the nature of the quasipar-
ticles inside the cavity. Two quantities are computed with this aim,
normalized second and third order correlation functions at τ = 0.









Fig. 14 shows the dependence of the correlation functions with the
incoherent pumping rate (left panel) and with the detuning (right
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Figure 14: (Color online) Second (continuous blue) and third (dashed red)
order correlation functions of the steady state of the system. The
left panel shows the dependence with the incoherent pumping
rate for the condition ∆ = 3g, while the right panel shows the
dependence with ∆ for the condition P = κ.
panel), for the single quantum dot case in the regimes of more inter-
est: κ = P and ∆ = 3g.
For small pumping power (P < 0.2κ) g(2), g(3) < 1, a footprint
of quantum light. As the pumping power increases both correlation
functions grow monotonically, the light becomes chaotic 1 < g(2) < 2
and finally, for high pumping power the state of the field becomes
coherent up to third order (g(2) = g(3) = 1), a condition that can be
identified with a lasing regime.
On the other hand, by looking the dependence with the detuning
(right panel of Fig. 14), near the resonance condition the state is al-
most second and third order coherent, so it can be again identified
with a lasing regime. As the detuning increases g(2) and g(3) grow
monotonically beyond 1, the emission of the system becomes chaotic.
Finally, for large detuning, the cavity emission acquires thermal prop-
erties (g(2) = 2).
2.5 overview
In this work, we studied the properties of purity and entanglement of
a microcavity-quantum dots system in the strong coupling regime by
taking into account dissipative mechanisms, as well as the statistics of
light in the case of interaction with a single emitter. For that case we
also found the conditions for which the matter-light entanglement is
maximized in the system. Matter and light should be out of resonance
and incoherent pumping rate should exactly compensate the photon
loss. This maximization is due to a competition of two effects: near
resonance, the exchange of energy between the quantum dot and the
cavity mode is enhanced, but the dissipation generates mixture in the
steady state. In a large detuning condition, the degree of purity of
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the steady state is enhanced, but the exchange of energy rate is not
enough to generate non separable states. The value of ∆ where these
two effects compensate each other is around ∆ ∼ 3g. Regarding to the
pumping rate, the best condition is P = κ, the condition in which the
exciton pumping exactly compensates the cavity losses.
In the case of many quantum dots, the best entanglement is reached
when every quantum dot is pumped with a rate equal to the cavity
losses. The most suitable condition is still ∆ 6= 0, although the exact
value of the detuning slightly varies with the number of excitons. In
this case the light is entangled with all the quantum dots, understood
as one matter system.
Finally, we focused into the case of two quantum dots coupled
through the cavity mode. We found that incoherent pumping strongly
attempts against the coherence of the reduced matter system (QD-
QD). The maximum QD-QD entanglement is obtained for an incoher-
ent pumping at least one order of magnitude smaller than the photon
leakage rate, in which case the system reaches an entanglement of
20%. The exciton energy should be also in resonance with the cavity
mode, giving a criteria to identify two different regimes: if κ = P and
∆ 6= 0 the system is in a state with light-matter quantum correlations,
on the other hand, if the incoherent pumping is at least one order
of magnitude below the dissipation rate, and the cavity mode has
the same energy of the excitons, the system loses light-matter correla-
tions, but the indirect interaction with the field drives the system in
an entangled state of the quantum dots.
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E F F E C T S O F A C O H E R E N T E X C I T O N P U M P I N G O N
T H E E N TA N G L E M E N T P R O P E RT I E S O F
P O L A R I T O N S I N M I C R O C AV I T Y - Q U A N T U M D O T
S Y S T E M S
A question that arises from chapter 2 is whether or not a non dissipa-
tive exciton pumping would drive the system into a more entangled
steady state. In this chapter, we propose another mechanism to pump
the system in order to reach a non trivial steady state. It consists
in a coherent exciton pumping that compensates the photon leakage
through cavity walls.
3.1 physical system and theoretical frame
The system under consideration is a single quantum dot (SQD) em-
bedded in an optical microcavity (µC). The 3D confinement of the
electron inside the dot produces a full quantization of its energy lev-
els, and the confinement of light inside the µC allows to consider
one single mode of the field[24], therefore, the full system can be de-
scribed by a combination of direct products of a two level system
(|G〉 , |X〉) and a bosonic field (|n〉). Dipole interaction in the Strong
Coupling (SC) regime can be considered as the most fundamental
light-matter interaction mechanism in a µC − SQD system and the
Jaynes-Cummings model describes correctly the coherent exchange
of energy between the emitter (QD) and the resonator mode[4]. The
complete Hamiltonian, which takes into account matter-light interac-
tion as well as the coherent exciton pumping is given by (in units
 h = 1):
Ĥ = ωoσ̂
†σ̂+ (ωo +∆)â
†â+ g(â†σ̂+ âσ̂†) (17)
+Pc(e
iωptσ̂† + e−iωptσ̂)
Where ωo is exciton’s energy and ∆ its difference with the energy
of the electromagnetic field (ωf = ωo + ∆), g is the light-matter in-
teraction constant, Pc is the exciton coherent pumping rate, ωp its
frequency and t the time parameter. The operator σ̂ = (σ̂†)† = |G〉 〈X|
is the fermionic annihilation operator for the SQD, while â = (a†)†
is the usual annihilation operator for the cavity mode. Our model for
the SQD in strong coupling with the cavity mode in presence of co-
herent exciton pumping and incoherent photon leakage through the
cavity walls is sketched in figure 15.
Considering the Born-Markov approximation, the dynamics of the
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Figure 15: (Color online) Scheme of the SQD − µC system. The quantum
dot sketched in the middle of the µC is in SC with the cavity
mode (depicted in red) with coupling strength g. The SQD is
also coherently pumped with rate Pc, and imperfections in the
µC lead to photon scape at a rate κ.
In which the Liouville operator L̂(κ) = κ2 (2âρ̂â
† − â†âρ̂ − ρ̂â†â)
takes into account the incoherent loss of photons through the cavity
walls.
To remove the dependence with time in the Hamiltonian, it is pos-
sible to change the representation picture by applying the unitary




A resonant pumping of the QD (ωp = ωo) eliminates emission
lines from other QDs, reduces the cavity background emission and
increases the vacuum Rabi splitting at ∆ = 0[18], a desirable condition
when the interest is on a SQD. In this case, the dynamics of ρ̂ ′ are
described by the equation:
˙̂ρ ′ = i
[
ρ̂ ′, Ĥ ′
]
+ L̂ ′(κ) (20)
Where
Ĥ ′ = ∆â†â+ g(â†σ̂+ âσ̂†) + Pc(σ̂
† + σ̂) (21)




(2âρ̂ ′â† − â†âρ̂ ′ − ρ̂ ′â†â) (22)
is the Liouville operator for the modified density matrix ρ̂ ′.
3.2 density operator populations
The principal interest is to study the properties of the polaritons in-
side the cavity for the steady state of the system ( ˙̂ρ ′(t)→0), in order
to identify the regimes in which they present a high degree of en-
tanglement. To know which are the excitation manifolds with most
probability it is necessary to study the diagonal terms (populations)
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Figure 16: (Color online) Populations of ρ̂ss as a function of the coher-
ent pumping for different detunings: a)∆ = 0, b)∆ = 0 .02
meV, c)∆ = 0 .05 meV, d)∆ = 0 .1 meV, e)∆ = 0 .111 meV,
f)∆ = 0 .15 meV, g)∆ = 0 .25 meV and h)∆ = 0 .4 meV. The
picture shows the population of the 3 first excitation manifolds:
〈G0 | ρ̂ss |G0〉 (continuous black line), 〈G1 | ρ̂ss |G1〉 (dashed
red line), 〈X0 | ρ̂ss |X0〉 (dotted green line), 〈G2 | ρ̂ss |G2〉
(dashed-dotted blue line) and 〈X1 | ρ̂ss |X1〉 (double dashed-
dotted maroon line). For all the panels g = 0 .1 meV, κ =
5 × 10−3 meV
of ρ̂ss (density operator of the steady state), in this case, as a function
of detuning between the bare modes (∆) and exciton pumping rate
(Pc). Results are displayed in figure 16.
In all the cases, populations are normalized to 1, so the figure
shows that in the low pumping regime (0 < Pc < g) the popula-
tion remains in the first three excitation manifolds for any detuning.
Near the resonance (panels a) and b)) the QD remains in its ground
state (〈X0| ρ̂ss |X0〉 → 0 and 〈X1| ρ̂ss |X1〉 → 0), this suggests that the
enhancement of the interaction due to the similar energies of exci-
ton and photons makes the lifetime of the QD so low due to Pur-
cell effect[51, 52] that the QD decays immediately after being excited
by any mechanism (photon absorption or external matter pumping).
Then, we do not expect polaritons near resonance to present entan-
glement. For larger detunings the decay time of the QD increases, so
states |X, 0〉 and |X, 1〉 get populated (panels c) to f)). If we continue
increasing the detuning there will not be light-matter interaction, the
decay time of the QD will be much greater than the lifetime of a pho-
ton inside the microcavity so it will leak out of the cavity before being
reabsorbed, then the system will not have photons in its steady state
(〈G1| ρ̂ss |G1〉 → 0 and 〈X1| ρ̂ss |X1〉 → 0), as it can be seen in panels
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g) and h). The system will not be entangled in the steady state for
large detunings neither. This gives a first glimpse of which are the
regimes where the system could have a high degree of light-matter
entanglement, the detuning has to be large enough so the exciton has
a considerable lifetime, but low enough to not saturate the QD.
3.3 entanglement and purity
A considerable probability of the states |G1〉 and |X0〉 is not enough to
guarantee entangled polaritons (they could be in an incoherent super-
position), the next step is then to compute the degree of entanglement
and purity by using negativity and linear entropy, respectively (both
normalized to 1). The former quantity is defined as the absolute value
of the sum over all the negative eigenvalues of σ̂, defined as a partial
transpose of the density operator[25, 26] (σmβ,nα = ρmα,nβ). This
quantity ranges from 0 to 1, and for this system, it is a witness of
entanglement, instead of a quantifier. The latter quantity is defined
as S(ρ̂) = 1 − Tr[ρ̂2] which is 0 for a pure state and 1 for a maxi-
mally mixed state. Both quantities are strongly related, given that a
high degree of entanglement requires a high degree of purity on the
system[45, 48]. N and S are computed as a function of Pc and ∆, in
order to find the sets of parameters in which the polaritons inside the
cavity present strong quantum properties. Figure 17 shows negativity
and linear entropy as a function of the coherent pumping for differ-
ent detunings.
In resonance (panel a) the steady state of the system is pure (S(ρ̂ss) =
0), however, the intense interaction makes the quantum dot to decay
very fast, the QD will decay as soon as an exciton is created, so the
matter pumping will act more like a photon pumping, therefore the
steady state of the system will have the form |ψ〉 = |G〉 ⊗
∑n
0 ai |i〉,
pure but separable. The coefficients ai depend on the intensity of the
matter pumping Pc
For large detunings matter and light decouple due to the absence of
interaction, so the field will remain without photons, while matter
will be in a (non coherent) superposition of its excited and ground
states due to the pumping (panels g) and h)).
In the intermediate region g2 . |∆| . 2g (panels b) to f)) there is a
competition between these two mechanisms, and it is precisely there
where polaritons present the most quantum properties: a high purity
(low linear entropy) and considerable entanglement (N & 0.3). The
maximum entanglement is found for ∆ ≈ 0.111 meV and Pc ≈ 6κ ≈
0.03 meV, and it has value of N ≈ 0.36.
Figure 18 shows the entanglement (continuous red line) and mixed-
ness (dashed black line) of the steady state ρ̂ss as a function of detun-
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Figure 17: (Color online) Linear entropy (dashed black line) and negativity
(continuous red line) of the system as a function of the coherent
pumping rate Pc for a)∆ = 0, b)∆ = 0.02 meV, c)∆ = 0.05 meV,
d)∆ = 0.1 meV, e)∆ = 0.111 meV, f)∆ = 0.15 meV, g)∆ = 0.25
meV and h)∆ = 0.4 meV. For all the panels g = 0.1 meV and
κ = 5× 10−3 meV
Figure 18: (Color online) Linear entropy (black dashed line) and negativity
(red continuous line) of the steady state of the system for g = 0.1
meV, κ = 5× 10−3 meV and Pc = 0.0296 meV as a function of the
detuning ∆.
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ing ∆. Notice that for 0 . |∆| . 0.3g the system is pure but not entan-
gled. On the other hand, for |∆| & 2g the subsystems do not interact,
so there is not entanglement in the steady state, the system is then in





(|G〉− |X〉)⊗ |0〉 due to the coherent pumping and the incoher-
ent loss of photons. It is then the competition between these mech-
anisms what generates a regime in which the subsystems get entan-
gled, this is 0.3g . |∆| . 2g. In this case, the interaction is strong
enough to entangle the subsystems but not so high to make the decay
time of the exciton lower than the lifetime of the photon inside the
cavity. As a consequence, there is a minimum in the linear entropy of
the state (S(ρss)) ∼ 0.38 that coincides with a maximum in the entan-
glement (N ≈ 0.36), for Pc ≈ 0.3g = 0.03 meV and ∆ ≈ 1.1g = 0.11
meV.
3.4 diagonalization of ρ̂ and fidelity with a bell state
For this system, negativity is not a direct measure of the entangle-
ment degree, given that the light basis has more than 3 elements[26].
It is then helpful to study the state of the system in order to identify
the degree of non-separability. The diagonalization of the density ma-
trix ρ̂ss can then give a glimpse in this direction. In the maximally
entangled state achievable by the system, the system has a probability
(eigenvalue) 0 .75 of being in the pure entangled state:
|ψ〉 ≈ (0 .33 + 0 .01i) |G , 0〉 + 0 .80 |X , 0〉 (23)
+ (0 .47 − 0 .01i) |G , 1〉 + (0 .12 − 0 .01i) |X , 1〉 + . . .
Which is a considerably entangled system, given that |X , 0〉 would
have a probability of 0 .65 while |G , 1〉 would have probability of
0 .22.
Competition between mixedness and coherent interaction generates
a non trivial dependence of the calculated quantities, producing a
full set of maxima and minima in the region in which no mechanism
dominates as shown in figure 18.
To have a direct measure of how similar is ρ̂ss to a Bell state we
calculate its fidelity with a pure entangled polariton, understood as
the eigenstate of the Jaynes-Cummings Hamiltonian:
HJC = ∆â
† â + g(â† σ̂ + âσ̂†) (24)
At resonance, the corresponding eigenstates are precisely Bell states:
maximally entangled states named “upper polariton state” (|UP〉)
and “Lower polariton state” (|LP〉). In the first excitation manifold
they are given by the expressions:
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Figure 19: (Color online) Fidelity of the steady state of the system with
a maximally entangled state of excitation manifold one, as a
function of ∆ for different pumping rates: a) Pc = 0.001 meV,
b) Pc = 0.005 meV, c) Pc = 0.01 meV, d) Pc = 0.02 meV, e)
Pc = 0.0296 meV, f) Pc = 0.05 meV, g) Pc = 0.08 meV and h)
Pc = 0.1 meV. In all the cases g = 0.1 meV and κ = 5× 10−3 meV.
|UP〉 = 1√
2
( |X〉 ⊗ |0〉 + |G〉 ⊗ |1〉) (25)
|LP〉 = 1√
2
( |X〉 ⊗ |0〉 − |G〉 ⊗ |1〉) (26)
The fidelity between a pure state |ψ〉 and a density operator ρ̂ is
defined as F(|ψ〉) =
√
〈ψ| ρ̂ |ψ〉, it ranges from 0 (orthogonal states) to
1 (identical states)[49]. Fidelity between ρ̂ss and the Bell states |UP〉
and |LP〉 is showed in figure 19 for different coherent pumping rates
as a function of matter-light detuning ∆.
It shows that the system can have fidelities up to 0.8 with the lower
or upper polariton, depending on the sign of the detuning. When
exciton’s energy is greater than light’s (∆ < 0), the system is in an
upper polariton-like state (for ∆ ∼ −0.11 meV), otherwise (∆ > 0) it
will be in a lower polariton-like state for ∆ ∼ 0.11 meV.
3.5 overview
We have computed the light-matter entanglement (N) and linear en-
tropy (S) for a microcavity - single quantum dot system in the steady
state under a coherent excitonic pumping and an incoherent loss of
photons through the cavity walls. We found a strong dependence of
these quantum properties with the pumping rate and exciton-photon
detuning. For small detunings Purcell effect enhances the emission of
the dot, the exciton decays almost immediately after being created, so
the pumping increases the number of photons inside the cavity while
the quantum dot remains in its ground state.
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On the other hand, for large detunings the quantum dot does not in-
teract with the mode of the resonator, its decay times are much longer
than the lifetime of a photon inside the cavity, so the probability of
reabsorption vanishes. It is in a superposition of its ground and ex-
cited states (depending on the pumping rate) while the cavity has no
photons.
Respecting to the pumping rate, low rates are not able to keep the
dot excited in the steady state, while large pumping rates saturate
the dot, attempting against its interaction with light. The system is
separable in both cases.
The entanglement is greatly enhanced for ∆ ∼ g and Pc ∼ 6κ. In this
case, there is a competition between two mechanisms: matter-light in-
teraction and incoherent loss of photons. In this regime, negativity
reaches values up to 0.35 and linear entropy decreases up to 0.38.
Since negativity does not quantify the degree of entanglement but
works as a witness, a further analysis of the state is necessary. We
computed the fidelity of the steady state of the system with a maxi-
mally entangled (Bell) state, and we found a fidelity greater than 80%,
confirming that the state has a high degree of entanglement.
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4
E N TA N G L E M E N T O F A S Y S T E M O F 2
I N T E R A C T I N G Q D ’ S E M B E D D E D I N A N O P T I C A L
M I C R O C AV I T Y. S O L U T I O N T O T H E C L O S E D
P R O B L E M I N T H E F I R S T E X C I TAT I O N M A N I F O L D
As an extension of the problems addressed in chapters 2 and 3, in
the present chapter we present a study the entanglement properties
of a system of two interacting quantum dots embedded in an optical
microcavity in the molecular regime, in which the strength of interac-
tion between the quantum dots is higher than the interaction between
the field and the quantum dots. Entanglement is quantified through
the concurrence criteria. Since the aim is to study the entanglement
by pairs, it is necessary to perform a partial trace over one of the
three component systems and then calculate the concurrence of the
remaining one. This is possible because the concurrence quantifies
entanglement even for open systems[27].
4.1 model and theoretical framework
Both quantum dots are treated as two level systems |G1(2)〉 and |X1(2)〉
(with energy transitions ω1 = ω2 +∆ and ω2, respectively). They in-
teract with each other through a dipolar-like term with parameter g12
and with the cavity mode |n〉 (whose energy is ωC) via dipole inter-
action with strength g1 and g2, respectively. The term of interaction
between the quantum dots can describe two different mechanisms:
a resonant energy transfer known as Förster interaction[40, 53] or a
tunneling of the electron from one quantum dot to another, form-
ing the so called “indirect exciton”[41]. The values of the parameters
employed are typical in experiments in which the second mechanism
dominates the energy transfer between quantum dots[39]. The Hamil-


















Where â = (â†)† is the annihilation operator for the electromag-
netic field, and σ̂i = (σ̂
†
i)
† = |Gi〉 〈Xi| is the annihilation operator for
each quantum dot. As a first approach we study the closed case, in
which the number of excitations (which is a preserved quantity of the
system, given that Ĥ commutes with N̂) is 1. We distinguish four con-
ditions of interest given by a tune of the electromagnetic field’s energy.
They are evidenced in the diagrams of eigenenergies as a function of
the detuning between the quantum dots ∆:
33
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1. The first case of interest is an anticrossing of the cavity mode’s
energy with the lower branch. Given that there is a direct dipole
interaction it is enough to tune the field (ωC) in an energy below
ω2.
2. There is a special case in which, despite the term of dipole in-
teraction, the system presents a crossing with the lower branch.

















This value was theoretically calculated by the exact diagonaliza-
tion of Ĥ. It corresponds to the only case in which there is a
degeneration in the energies of the system. The complete calcu-
lation is showed in Appendix B (chapter 7).
3. The third case is a maximization of the anticrossing with the















It has been also exactly calculated by maximizing the difference
between two eigenenergies of the system. Its complete calcula-
tion is also showed in Appendix B (chapter 7).
4. The last studied case is a regular anticrossing condition with
the upper branch. To reach this situation it is enough to tune
the field’s energy beyond ω2.
We quantify the entanglement between pairs of subsystems by cal-
culating their reduced density operator, this is the state obtained after
perform a partial trace over the degrees of freedom in which we are
not interested. In general, the reduced operator is not pure, and it is
given by (for a system of three qubits):
ρ̂12 = 〈03|ρ̂|03〉+ 〈13|ρ̂|13〉 (28)
Where ρ̂ is the density operator of the full system and |03〉 and |13〉
are the two accessible levels of the system over which the partial trace
is being performed. The degree of entanglement is calculated through
concurrence [27], defined in equations 4 and 5.
4.2 entanglement of the eigenstates
Unless stated different, the energy of the second quantum dot is fixed
at ω2 = 1 eV, and given that the interest lies in the molecular regime
in which the interaction between the quantum dots is higher than the
interaction of each quantum dot with the field, we set g12 = 1 meV,
g1 = 0.1 meV and g2 = 0.03 meV. For the first case, the diagonaliza-
tion of the Hamiltonian together with the concurrence of the system
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Figure 20: (Color online) Eigenstates of the system and entanglement by
pairs measured by concurrence for each branch of the disper-
sion diagram for the case in which the light anticrosses the lower
branch of the QD molecule (ωC = 997 meV). The blue line shows
the concurrence of the reduced system light-quantum dot 1, the
red one shows the concurrence of the system Light-Quantum dot
2, and the green line shows the entanglement between the quan-
tum dots.
are showed in figure 20. Notice for the lower branch, that the anti-
crossing coincides with a maximum entanglement between light and
QD1, due to direct interaction through the parameter g1, however, at
this point there is also a maximum entanglement between the second
QD and the light; this is expected because the interaction between
them is enhanced by the first QD, which interact strongly with both
of them; they get entangled by their indirect interaction through the
first QD.
For high ∆ (positive and negative) we have the separable state |1XG〉
(upper and lower branch, respectively) and an entangled state be-
tween light and QD2. The value of this entanglement depends on the
difference of energies between the field and the QD2 (neither of them
depends on ∆). Finally, for the second and third branches there is a
value of the detuning in which light and QD2 totally decouple (in
∆/g12 ≈ −2.3). The origin of this special value is not clear yet, given
that in the dispersion diagram this point has not any special condi-
tion.
The next condition we are interested in, is the crossing condition,
for which the dispersion diagram and the entanglement are showed
in figure 21. In this case, the band diagram looks like the one of two
interacting quantum dots with a non-interacting field, however, the
concurrence between the field and the second dot is not 0, indepen-
dently of the energy ω2, which means that the subsystems are cou-
pled despite the crossing. By looking the horizontal branch it is pos-
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Figure 21: (Color online) Eigenstates of the system and entanglement by
pairs (concurrence) for each branch of the dispersion diagram
for the condition of crossing (ωC = 999.703 meV). There are two
branches that anticross as expected in a typical QD-QD interac-
tion problem, and a third branch that crosses the lower one, cor-
responding to a state with small entanglement between the cavity
and the second quantum dot.
sible to notice that its energy is not exactly the one of the field, it is
a polaritonic state conformed by the light and a little contribution of
the second QD.
Again, for large detunings the system can be in a polaritonic state
composed by the second QD and light, and in the separable state
|0XG〉.
Another interesting case is the one for which the anticrossing is
maximum. Its dispersion diagram together with the concurrence of
their constituent systems are shown in figure 22. Again, for the two
lower branches there are special points in which the light and the sec-
ond QD get disentangled, however, in the dispersion diagram these
points do not look like special points, for example, in the concurrence
for the middle branch, the entanglement between light and second
quantum dot is 0 for ∆/g12 ≈ 8, but the systems are still interacting
(ω2, ωf and g2 do not change with ∆).
Finally, we study the case in which the light branch anticrosses the
upper branch. The energies and the entanglement are shown in fig-
ure 23. Again, in the middle branch, there is a particular value of the
detuning for which the entanglement between light and QD2 goes
to 0, since the interaction parameters between them do not depend
of the detuning, we conclude that the energy of the first QD affects
critically the entanglement between the second QD and the mode of
the cavity, this is not evident from the dispersion diagram, though.
[ March 14, 2016 at 11:23 – classicthesis ]
4.2 entanglement of the eigenstates 37
Figure 22: (Color online) Eigenstates of the system and concurrences for
each branch of the dispersion diagram in the condition of maxi-
mum anticrossing with the upper branch (ωC = 1003.33 meV).
Figure 23: (Color online) Eigenstates of the system and entanglement by
pairs for each branch of the dispersion diagram in the condition
of regular anticrossing with the upper branch (ωC = 1005 meV).
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4.3 overview
In the present work we have studied the entanglement properties of
a system of two interacting quantum dots embedded in an optical mi-
crocavity. As a first approach to a more complete problem we studied
the Hamiltonian case in which dissipative effects are small enough to
be neglected. The interest lay in the entanglement of the eigenstates
of Ĥ quantified through the concurrence defined in eqs. 4 and 5.
A remarkable case is the one in which the field’s branch crosses the
lower branch of the molecular system. This eigenstate corresponds to
a total decoupling between the quantum dots, and between the light
and the first quantum dot, but there is a remaining entanglement
between the light and the second quantum dot. In the other three
studied cases the entanglement between the quantum dots is favored,
given that their interaction strength is larger than the dipole interac-
tion, as evidenced by the green lines in figures 20, 22 and 23. When
the cavity mode and the first quantum dot are in resonance their in-
teraction is enhanced and the entanglement between quantum dots is
replaced by light-matter entanglement (blue lines). In this case, there
is also a maximum in the entanglement between the second quan-
tum dot and the field, given that, besides the direct interaction with
strength g2, they are interacting indirectly through the first quantum
dot, which interact strongly with each of them.
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5
C O N C L U S I O N S A N D P E R S P E C T I V E S
In this thesis three theoretical works on quantum dot-microcavity sys-
tems have been presented. The main results of each work can be sum-
marized as follows:
In chapter 2 we studied the properties of purity and entanglement
of a microcavity-quantum dots system in the strong coupling regime
by taking into account two dissipative mechanisms: photon leakage
through cavity walls and exciton pumping. In the case of a single
quantum dot we found the conditions for which the matter-light en-
tanglement is maximized in the system. Matter an light should be
out of resonance and incoherent pumping rate should exactly com-
pensate the photon loss. This maximization is due to a competition
of two effects: near resonance, the exchange of energy between the
quantum dot and the cavity mode is enhanced, but the dissipation
generates mixture in the steady state. In a large detuning condition,
the degree of purity of the steady state is enhanced, but the exchange
of energy rate is not enough to generate non separable states. The
value of ∆ where these two effects compensate each other is around
∆ ∼ 3g. Regarding to the pumping rate, the best condition is P = κ,
the condition in which the exciton pumping exactly compensates the
cavity losses.
In the case of many quantum dots, the best entanglement is reached
when every quantum dot is pumped with a rate equal to the cavity
losses. The most suitable condition is still ∆ 6= 0 although the exact
value of the detuning slightly varies with the number of excitons. In
this case the light is entangled with all the quantum dots, understood
as one matter system.
Finally, we focused into the case of two quantum dots coupled through
the cavity mode. We found that incoherent pumping strongly attempts
against the coherence of the reduced matter system (QD-QD). The
maximum QD-QD entanglement is obtained for an incoherent pump-
ing at least one order of magnitude smaller than the photon leakage
rate, in which case the system reaches an entanglement of 20%. The
exciton energy should be also in resonance with the cavity mode, giv-
ing a criteria to identify two different regimes: if κ = P and ∆ 6= 0 the
system is in a state with light-matter quantum correlations, on the
other hand if the incoherent pumping is at least one order of mag-
nitude below the dissipation rate, and the cavity mode has the same
energy of the excitons, the system loses light-matter correlations, but
the indirect interaction with the field drives the system in an entan-
gled state of the quantum dots.
In chapter 3 we have computed the light-matter entanglement (N)
and linear entropy (S) for a microcavity - single quantum dot system
41
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in the steady state under a coherent excitonic pumping and an inco-
herent loss of photons through the cavity walls. We found a strong
dependence of these quantum properties with the pumping rate and
exciton-photon detuning. For small detunings Purcell effect enhances
the emission of the dot, the exciton decays almost immediately after
being created, so the pumping increases the number of photons in-
side the cavity while the quantum dot remains in its ground state.
On the other hand, for large detunings the quantum dot does not in-
teract with the mode of the resonator, its decay times are much longer
than the lifetime of a photon inside the cavity, so the probability of
reabsorption vanishes. It is in a superposition of its ground and ex-
cited states (depending on the pumping rate) while the cavity has no
photons.
Respecting to the pumping rate, low rates are not able to keep the
dot excited in the steady state, while large pumping rates saturate
the dot, attempting against its interaction with light. The system is
separable in both cases. The entanglement is greatly enhanced for
∆ ∼ g and Pc ∼ 6κ. In this case, there is a competition between two
mechanisms: matter-light interaction and incoherent loss of photons.
In this regime, negativity reaches values up to 0.35 and linear entropy
decreases up to 0.38. Since negativity does not quantify the degree of
entanglement but works as a witness, a further analysis of the state
is necessary. We computed the fidelity of the steady state of the sys-
tem with a maximally entangled (Bell) state, and we found a fidelity
greater than 80%, confirming that the state has a high degree of en-
tanglement.
Finally, in chapter 4 we made a first approach to the problem in
which the density of quantum dots is high enough so they are able to
interact either via Förster interaction or by electron tunneling, when
dissipative effects are low enough to be neglected. In this case we
used the typical parameters of the second mechanism. We focused
in the molecular case, when the interaction between quantum dots is
higher than dipolar interaction with the cavity mode. The goal was to
study the entanglement of the eigenstates of the hamiltonian, quan-
tified by using the concurrence criteria. Four cases were considered,
a regular anticrossing with the lower branch, a crossing, a maximiza-
tion of the anticrossing and a regular anticrossing with the upper
branch. In each case, a characterization of the entanglement by pairs
of the eigenstates associated with each of the three branches was per-
formed.
A natural perspective is the design of experiments to measure the
degree of light-matter entanglement inside a microcavity with quan-
tum dots embedded, in order to validate the theoretical predictions
made by quantum mechanics. On the other hand, given that the most
suitable state to perform quantum information processing operations
is the Bell state, it worths to keep looking for mechanisms able to
protect the stationary entanglement from dissipation.
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A P P E N D I X A : D E TA I L S O N T H E S O L U T I O N O F T H E
M A S T E R E Q U AT I O N
In this appendix, we will discuss the obtainment and diagonalization
of the density matrix ρ̂ for the problems addressed in chapters 2 and
3. To solve the dynamics of the system and its steady state by using
the master equations 13 and 18 (in chapters 2 and 3, respectively), it
is mandatory to pick a basis to expand the operator, in order to ob-
tain the system of differential equations corresponding to each term
of ρ̂. In this case, a good choice is the bare states basis, conformed by
the direct products of the matter states |G〉 and |X〉, and the bosonic
states of the cavity mode |n〉. It is important to take into account that
the excitation manifold is not a preserved quantity; the dissipative
processes and the coherent matter pumping, break this symmetry in
such a way, that the population can reach states with any number of
excitations, given that, in theory, the cavity mode has infinite accessi-
ble states. Figure 24 depicts the ladder of states for the system and the
way that photon leakage and exciton pumping (coherent and incoher-
ent) lead the system between states of different excitation manifold.
This symmetry rupture, makes necessary to perform a truncation
in the basis, in order to be able to solve numerically the problem.
The criteria to truncate, is the convergence to 0 of the terms corre-
sponding to the most excited states. Each term of the density matrix
corresponds to the scalar product of two vectors, and for each state of
the basis there is a corresponding number. For example, if we assign
the label i to the state |M,n〉 and the label j to |M ′,n ′〉, the compo-
nent i, j of the density matrix expanded in the chosen basis would be
given by:
ρi,j = 〈M,n| ρ̂ |M ′,n ′〉 (29)
This is the way how the operator is numerically treated. In the steady
state, the density operator does not change in time, this means ˙̂ρ→0.
As a consequence, the system of differential equations is reduced to a
linear system when expanded in the chosen basis. This system is nu-
merically solved. All the information we can obtain about the system
is contained in the density operator.
Once we have obtained ρ̂ss, the calculation of the desired quanti-
ties is made by performing different operations on it, such as partial
transpose, multiplications by matrices or vectors, etc. The diagonal-
ization, made in order to get tables 1 and 2, is also numerically ob-
tained, given the high dimensions of the basis. The interpretation is
as follows: each eigenvalue is the probability that the system has, of
being in the pure state corresponding to its eigenvector. The great
43
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Figure 24: Ladder of states for the Jaynes-Cummings model by excitation
manifolds. The figure includes photon leakage through cavity
walls (dashed-dotted green arrows) and exciton pumping (co-
herent or incoherent; continuous orange arrows). Dashed-dotted
blue lines represent the coherent exchange of energy (dipole in-
teraction). Notice that this is the only mechanism that generates
transitions between states of the same manifold.
difference of this probability, with the probability associated to the
coefficients of each pure state, is in the coherence; an interference ex-
periment would distinguish a coherent (pure) superposition from an
incoherent one i.e. the one associated with the diagonalization of ρ̂.
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A P P E N D I X B : S P E C I A L VA L U E S O F ωC F O R T H E
P R O B L E M O F T W O I N T E R A C T I N G Q U A N T U M
D O T S
We show the calculations made in order to obtain the values of ωC
for the crossing with the lower branch and for the maximization of
the anticrossing with the upper one. In both cases, the hamiltonian of
the system is given by (in units  h = 1):
Ĥ = ωC â
† â + (ω 2 + ∆ ) σ̂
†
1 σ̂ 1 + ω 2 σ̂
†
2 σ̂ 2 + g 1 ( â σ̂
†
1 + â
† σ̂ 1 )
+g 2 ( â σ̂
†
2 + â




1 σ̂ 2 ) (30)
The complete basis for the problem is the direct product of the ac-
cessible states for each quantum dot ( |G 1 (2 ) 〉 and |X 1 (2 ) 〉) and the
bosonic light field up to first excitation manifold ( | 0 〉 and | 1 〉), how-
ever a rotation of the matter states will be convenient, so we choose
the basis resulting from the solution to the problem of two interacting
quantum dots in the absence of radiation, for which the hamiltonian
is:
ĤQDs = (ω 2 + ∆ ) σ̂
†
1 σ̂ 1 + ω 2 σ̂
†




1 σ̂ 2 )
(31)
For this system, the eigenstates are:
|ψ 1 〉 = Cos (θ ) |XG 〉 + S in (θ ) |GX 〉 (32)
|ψ 2 〉 = −S in (θ ) |XG 〉 + Cos (θ ) |GX 〉 (33)
Where θ is given by:









If we write the matrix form of the hamiltonian 30 in this new
basis, organized as follows: { | 1 , G , G 〉 , | 0 , ψ 1 〉 , | 0 , ψ 2 〉 } (notice
that the three vectors are orthogonal in a space of dimension 3, hence,
they form a basis), it has the form:
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If we define two new quantities: gu = g1Cos(θ) + g2Sin(θ) and gl =














This redefinition gives us a new interpretation of the problem. Now we
can see gu and gl as effective coupling constants. Since the interest is to
find a crossing and a maximum anticrossing, we should maximize gu with
the parameter θ. From where we obtain Sin(θ) = Cos(θ)g2g1 . This condition
implies that gl vanishes, and that detuning between the quantum dots can
















gl = 0 (38)




















The eigenvalues for this new matrix i.e. the eigenenergies of the system,
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At this point we are ready to find the energies of the cavity mode that
generate crossing and maximum anticrossing, respectively. For the first case



















For the anticrossing condition we make a comparison with the Jaynes - Cum-
mings energies ωC ±
√





in E1 and E2, with δ, the resonance condition (δ = 0) is given by (replacing
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